Abstract. Many models of physical and chemical processes give rise to ordinary differential equations with special structural properties that go unexploited by general-purpose software designed to solve numerically a wide range of differential equations. If those properties are to be exploited fully for the sake of better numerical stability, accuracy and/or speed, the differential equations may have to be solved by unconventional methods. This short paper is to publish composition constants obtained by the authors to increase efficiency of a family of mostly unconventional methods, called reflexive.
Introduction
Modeling many problems in physics, chemistry, and engineering gives rise to systems of ordinary differential equations. Typically these systems take the form dy dt = f (t, y), with y(0) = y 0 .
The initial vector y 0 and the vector-valued function f ( · ) are given, and the function is assumed as smooth as necessary. An interval 0 ≤ t ≤ T is usually specified for the scalar variable t, often identified with Time. The problem (1) is known as an Initial Value Problem (IVP), and as an Autonomous Initial Value Problem (AIVP) if f (t, y) ≡ f (y). Any given IVP (1) can be rewritten in a way that suppresses all explicit references to t; in other words, any IVP is equivalent to an AIVP. In what follows, we will consider AIVP dy dt = f (y), with y(0) = y 0 (2) only, unless otherwise stated, in order to simplify the formulas that will arise.
In relatively few instances can analytical solutions be found for (2) , and therefore the only option for most IVPs is a numerical solution. A typical program to solve the initial value problem is expected to generate a sequence of approximations y 1 , y 2 , · · · , y N to y(t) at Sample-Times t 0 = 0 < t 1 < t 2 < · · · < t N = T. Numerical methods are classified into two major categories-One-Step Methods and Multi-Step Methods according to how they use past information. A method is classified as a one-step method if the computation of y n+1 involves only the approximation y n to y(t n ), but not approximations at previous sample times; it is a multi-step method otherwise.
Many conventional methods (linear multi-step, Runge-Kutta methods) [1, 2, 7] are in use. To achieve generality, they have evolved into complicated programs thousands of lines long, and have become highly refined and relatively efficient solvers of a wide range of differential equations. Yet, because of their generality, conventional methods may do worse than what we called unconventional methods which exploit what may be known a priori about the initial value problem. In applications, differential systems often have some special structures and properties. Such structures and properties, if known and incorporated, may improve the efficiency of a numerical method greatly. Normally, constructing low order numerical formulas that preserve the structure is often much easier than going directly for higher order formulas that preserve the structure. These ad hoc formulas are often better than conventional formulas in some respect, but may be inaccurate because of their low orders of convergence. Composition Schemes are then particularly helpful to obtain higher order methods while retaining the properties of simple lower order updating formulas.
In this short paper, we will present composite constants that may help to increase the efficiency of certain numerical methods, called reflexive, for solving IVPs. While keeping this paper as short as possible, we try to give enough details for someone who'd like to try out our schemes on their particular applications. A more complete theory and history behind the schemes will be published in forthcoming papers.
Updating formulas and convergence
In principle, any one-step method for solving the initial value problem (2) yields an updating formula Q(θ, g) which advances g ≈ y(τ ) to Q(θ, g) ≈ y(τ + θ).
Any updating formula appropriate to problem (2) is intended to be iterated N times thus:
For this numerical solution to make sense, it is natural to ask that this N -fold composition of the updating formula yields a value converging to y(T ) as max n θ n → 0. It turns out that convergence depends on the local error
where Φ(θ, y) is the solution operator defined by Φ(θ, g) def = y(τ +θ) for the problem dy dt = f (y), with y(τ ) = g.
The updating formula Q(θ, g) is called consistent if the local error is at most o(θ). It turns out that convergence is guaranteed if the updating formula Q(θ, g) is consistent. A one-step method with updating formula Q(θ, g) is of order p if the local error satisfies
This means that the Taylor series of the numerical updating formula in powers of θ matches that of the true solution Φ(θ, g) up to the term in θ p for all g. It is provable [1] that under (3) the global error behaves like
An updating formula Q(θ, g) is Reflexive if Q(−θ, Q(θ, g)) = g.
(It has been called Symmetric, Reversible, and Self-Adjoint too but, as argued by Kahan [6] , these terms are already overworked, so we prefer the word reflexive.) One example is the Implicit Mid-point Rule:
. A consistent and reflexive formula has at least second order convergence [1, 2, 4, 8] and has other properties which allow efficient constructions of higher order approximations. One such construction composes Q(θ j , · ) with specially correlated step-sizes θ j ; details will be given in the coming section.
In principle, a reflexive scheme can be obtained out of any conventional one-step numerical scheme by composing it with its Reflection. Various other unconventional ways [6, 8] to design reflexive schemes will be published in forthcoming papers.
Palindromic composition devised to increase a formula's order
Assume now g ≈ y(τ ). By composing the existing updating formula Q(·, ·) to obtain higher order methods we mean, for example, that with appropriately chosen integer m and scalar δ j 's
approximates y(τ + θ) (much) more accurately than Q(θ, g) does provided θ is small enough. We call (4) an m-Stage Scheme. Consistency implies that [6, 1993] .) They preserve reflexiveness, and then lead to far simpler determining equations than do non-palindromic compositions. In what follows, we will be considering Palindromic Compositions (4) only.
An immediate question is "how shall we find these magic numbers δ j ?" It turns out there are determining equations-so-called order conditions-that these δ j must satisfy for (4) to be a certain (even) order approximations. Surprisingly the determining equations in this general context are equivalent to those that would be otherwise derived from special cases like for separable Hamiltonian systems [13] , the implicit mid-point rule Q [10] , and decompositions of exponential operators [12] . An explanation of such equivalence resides in Lie Algebra Tools [8] . In Yoshida [13] , order conditions for orders up to 8 are given; while Suzuki [12] attempted to give order conditions for orders 1 up to 12, but his order 10 conditions are incorrect and so would his order 12 conditions. Since this paper is meant to be short, we will not go any further in this matter. The reader is referred to Li [8] and forthcoming papers for different ways of derivations. MAPLE codes that generate order conditions and more is available from NETLIB; see http://www.netlib.org/ode/composition.txt. The following table lists the numbers of determining equations for the approximations (4) The approximation (4) consists of m moves; at the end of the jth move
It is possible for a scheme to have some c j < 0 or c j > 1, which means some of the intermediate moves may jump "out of bounds", outside [τ, τ + θ]. Such "out of bounds" moves are permissible in orbit calculations, but may be harmful in situations when true solutions y(t) pass too near singularities: "out of bounds" moves may hit or cross the singularities, and thus jeopardize computations. In our searching for high order schemes (4), efforts have been made to keep all 0 ≤ c j ≤ 1, among other things. We found that keeping all 0 ≤ c j ≤ 1 is possible only when the number of stages m is bigger than its minimum required for achieving a particular order by at least 2, in which case the determining equations are underdetermined and thus present room for choices. Considering that increasing m implies increasing work, we always keep m as small as possible while having 0 ≤ c j ≤ 1. Two other quantities we have attempted to minimize (globally if we can or locally) are
The first one is the largest intermediate step-size and the second is the overall distance travelled.
Palindromic schemes
Palindromic schemes of orders up to 10 have been constructed in Li [8] . Some of them have been known in some special context as we shall comment. For ease of future references, we adopt notation sIodrJ? to denote an I-Stage Order J Scheme. (Thus s1odr2 is the reflexive updating formula itself.) Analytic solutions can be found for order 4 schemes.
1. s3odr4: m = 3 and
, and c 3 = 1. This is the scheme that has been discovered in integrating separable Hamiltonian systems by Yoshida [13] , in composing the implicit mid-point rule by Sanz-Serna and Abia [10] , and in its most general context by Kahan [6] .
2. s5odr4: m = 5 and
. Suzuki [11] had this scheme for exponential approximations. It has been known to the first author for quite a while, but as the minimizer to both quantities in (5) it is due to [8] 
6 , c 5 = 1. They are interesting because they embedded an order 2 scheme in it, and thus may be used with cheap error estimators.
Analytic solutions are not available for schemes of orders 6 and higher. In the Appendix, numerical values with 20 correct decimal digits are given. These constants as well as codes that compute them are available from NETLIB; see http://www.netlib.org/ode/composition.txt.
Linear stability properties
In the past, instances have been reported on successful applications of composition schemes to Hamiltonian systems, but we cautioned the reader that composition schemes should be used with care. They may be instable, even though the Q is stable. In Li [8] , a linear stability theory has been developed for the above mentioned palindromic schemes, assuming Q is the implicit mid-point rule and thus A-Stable [7] . But the linear stability regions for (4) will have holes in the left half-plane as long as there are negative δ j 's. This suggests that composition schemes may not be suitable to integrate stiff systems.
The reader is referred to Li [8] for the linear stability regions for all palindromic schemes in this paper.
An example
We present a simple numerical example to illustrate the usage of our schemes. The example also serves as a confirmation that these schemes do behave with the claimed order of convergence. Consider Lorenz Attractor 
where σ = 10, r = 28, and b = 8/3. For illustration only, we take y 1 (0) = 10, y 2 (0) = −20 and y 3 (0) = 20 initially, and are interested in integrating the system from t = 0 to t = 1.
A second order reflexive updating formula is obtained via a technique so-called Symmetrical Splitting [6, 8] . Let y i 's be the approximations at t = τ . Then the approximations Y i at t = τ + θ are obtained via solving a linear system which is equivalent to
where I is the 3×3 identity matrix. Y = Q(θ, y) obtained by solving (8) (7) unchanged. It is worth mentioning that such Q(θ, y) has an advantage over two conventional reflexive methods-the trapezoidal rule and the implicit mid-point rule-in that it requires solving no nonlinear systems but linear ones. Once we have the Q(θ, y), various palindromic schemes follow immediately. To keep this paper short, we choose to only present Figure 1 which plots the relative errors in numerical solutions at t = 1 against the numbers of calls to (8) , where by relative errors we mean |α − α|/|α| if α is to approximate α. Not all palindromic schemes in §4 and §A are included in the figure. This is because if we did, the figure would be a mess and not readable. But we point out that schemes not included behave similarly.
Two things need to be said about this example. First, the true solution to the system (6) is carefully computed using IBM's FORTRAN REAL*16 and very small step-sizes. To 20 decimal digits, the true solution is 
These digits are guaranteed correct by doing computations with different step-sizes and observing convergences.
Second, all computations are done in FORTRAN's DOUBLE PRECISION, and compensated summation technique is used. We briefly describe what we did with compensated summation technique. (For more discussion of compensated summation, see Kahan [5] and Higham [3] .) The idea of the technique is to represent a number by two double precision floating point numbers such that the number is correctly represented to roughly 30 decimal digits. Take y 1 for an example. We represent y 1 by (y1,yt1). As time advances from τ to τ + θ, y 1 is advanced to Y 1 and the difference Y 1 − y 1 (not Y 1 itself) is computed. Let the computed difference be dy1. Then Y 1 is represented as (Y1, Yt1) computed by Y1=(dy1+yt1)+y1 and Yt1=((y1-Y1)+dy1)+yt1.
Parentheses here must be fully respected. This technique turns out to be helpful in suppressing rounding errors sometimes. For example running s9odr6a for θ = 0.390625D-3 with/out compensated summation technique, we have the following relative errors in y i 's at t = 1:
1. With compensated summation, 0.0000D+00, 4.7604e-16, 2.1299e-16. For the y 1 component, it is due to pure luck. 2. Without compensated summation, 2.7152e-14, 1.6661e-14, 1.2353e-14, less accurate by two decimal digits than with the technique.
Conclusions
We have presented constants for designing palindromic schemes of orders up to 10 from composing a reflexive (unconventional) scheme to possiblly increase its efficiency. Such schemes are very simple to implement, and may work much better than conventional schemes when they work. A simple example is included to illustrate the usage, as well as to verify the claimed orders of convergence of our schemes.
To keep this paper short, we left out discussions on important practical questions like their stability properties, what orders are worth implementing? The reader is referred to [8] .
Finally, let's point out again that most of the material in this paper, including codes for the example, is available from NETLIB; see http://www.netlib. org/ode/composition.txt.
Appendix A. Palindromic schemes for orders 6 and higher Among schemes that follow, s7odr6 appeared in Yoshida [13] , and s15odr8 was also obtained by McLachlan [9] 0.27858743617820117774 c16 0.081853639664320768579 δ1 = δ33 0.12282427644721572094 δ10 = δ24 0.44263408813993245949 δ2 = δ32 0.77644680890696440342 δ11 = δ23 -0.81935337479593697464 δ3 = δ31 0.14881514553734297479 δ12 = δ22 0.13445474141752884045 δ4 = δ30 -0.17239125953506067249 δ13 = δ21 0.64444239169016646538 δ5 = δ29 -0.54745995781852463787 δ14 = δ20 -0.71930149370201612557 δ6 = δ28 0.14512932327306927479 δ15 = δ19 0.21036902497348664610 δ7 = δ27 -0.31564555153114460562 δ16 = δ18 -0.26908194941570516294 δ8 = δ26 0.12086865089833871979 δ17 0.83629272067135846284 δ9 = δ25 0.17910277517866344258 
